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Static electromagnetic moments and lepton decay constant
of the ρ-meson in the instant form of relativistic quantum
mechanics
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D.V. Skobeltsyn Institute of Nuclear Physics, M. V. Lomonosov Moscow State University, 119991 Moscow, Russia
The relativistic calculations of the electromagnetic form factors, static moments and lepton decay constant of the
ρ-meson are given in the framework of the instant form of the relativistic quantum mechanics with different
model wave functions. The modified impulse approximation (MIA) is used for the electroweak current operator.
MIA provides Lorentz covariance and conservation law for current operators. The developed approach gives the
nonzero quadrupole moment due to the relativistic Wigner spin rotation in the S-state of the quarks in ρ-meson.
1 Introduction
The study of the electromagnetic structure of the ρ- meson remains relevant for many years. Interest in the
study of electroweak structure of the ρ- meson has risen again recently in connection with new experimen-
tal data for the corresponding leptonic decay constant: f
exp
ρ = 152± 8MeV [1]. This result is very important
ρ-meson is short-lived particle and the experimental information about its electroweak properties (electro-
magnetic form factors and related static moments, charge radii, etc.) is poorly enough. However, there are
a large number of theoretical approaches and models for description of this meson [2–8].
In this paper the description of the electromagnetic static moments and lepton decay constant of the ρ-
meson is presented. Our approach is based on the use of the instant form (IF) of relativistic quantum
mechanics (RQM). The detailed description of RQM can be found in the review [9].
The basic point of our approach is the procedure of the construction of the electroweak current operator
[10, 11]. This construction is from the general method of relativistic invariant parameterization of local
operator matrix elements proposed in the Ref. [12].
In fact, this procedure is a realization of the Wigner–Eckart theorem for the Poincaré group and it enables
one for given matrix element of arbitrary tensor dimension to separate the reduced matrix elements (form
factors) that are invariant under the Poincaré group. The matrix element of a given operator is represented
as a sum of terms, each one of them being a covariant part multiplied by an invariant part. In such a
representation a covariant part describes transformation (geometrical) properties of the matrix element,
while all the dynamical information on the transition is contained in the invariant part – reduced matrix
elements or form factors.
1krutov@samsu.ru
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In our approach some rather general problems arising in the constituent quark models have been solved.
For example, our description of composite systems, in fact, solves the problem of construction of the elec-
tromagnetic current satisfying the conditions of Lorentz covariance and conservation law [10].
Our calculations of the electroweak characteristics of ρ-meson are performed in the well known impulse
approximation (IA). It means that the electromagnetic current of a composite system is a sum of one–
particle currents of the constituents. It is worth emphasizing that in our method this approximation does
not violate the standard conditions for the current. This is a variant of the relativistic impulse approximation
formulated in terms of reduced matrix elements – modified impulse approximation (MIA) (see, e.g., [10]).
Using different model wave functions of quark in meson we calculate the electromagnetic form factors, the
static properties and the lepton decay constant of ρ-meson supposing quarks to be in the S-state of relative
motion. It is interesting to mention that relativistic effects occur to produce a nonzero quadrupole moment
and quadrupole form factor. It is well known that in the nonrelativistic case the non–zero quadrupole form
factor is caused by the presence of the D- wave and is zero otherwise.
2 Integral representation for the ρ-meson electromagnetic form factors
and leptonic decay constant
Let us consider the matrix element of the ρ-meson electromagnetic current. In our constituent quark model
the u- and d– quarks are in the S-state of relative motion, that is l = l′ = 0, with following total spin and
total angular momentum: J = J′ = S = S′ =1. This matrix element is given in the Ref. [11]:
〈~pc ,m Jρ|jµ(0)|~pρ ′ ,m′Jρ〉 = 〈m Jρ|D1(pρ , p′ρ) ∑
i=1,3
F˜ iρ(t) A˜iµ |m′Jρ〉 ; (1)
F˜ 1c (t) = f˜ ρ10 + f˜
ρ
12
{
[ipρν Γ
ν(p′ρ)]2 −
1
3
Sp[ipρν Γ
ν(p′ρ)]2
}
2
Sp[pρν Γ
ν(p′ρ)]2
,
F˜ 3ρ(t) = f˜ ρ30 ; (2)
A˜1µ = (pρ + p
′
ρ)µ , A˜
3
µ =
i
Mρ
εµνλσ p
ν
ρ p
′
ρ
λ Γσ(p′ρ) .
here p′ρ, pρ are 4-momentum of ρ-meson in initial and final states, respectively, m′Jρ ,m Jρ are projections
of the total angular momenta, D1(pρ , p′ρ) is matrix of Wigner rotation, Γν(p′ρ) is 4-vector of spin, Mρ is
ρ-meson mass, f˜
ρ
10 , f˜
ρ
12 , f˜
ρ
30 are charge, quadrupole and magnetic form factors of ρ-meson, respectively.
The integral representations for the composite system form factors in (1), and (2) are obtained in the Refs.
[10, 11]:
f˜
ρ
in(Q
2) =
∫
d
√
s d
√
s′ ϕ(s) G˜in(s,Q2, s′)ϕ(s′) , (3)
here ϕ(s) is wave function of quarks in RQM, G˜in(s,Q
2, s′) is Lorentz-covariant generalized function (re-
duced matrix element on the Poincaré group).
Our form factors in (2) can be written in terms of conventional Sachs form factors for the system with the
total angularmomentum equal 1. To do this let us write the parameterization of the electromagnetic current
matrix element in the Breit frame (see, e.g. [13]):
〈~pρ ,m J|jµ(0)|~pρ ′ ,m′J〉 = Gµ(Q2) ,
2
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G0(Q2) = 2pρ0
{
(~ξ ′~ξ ∗) GC(Q2) +
[
(~ξ ∗~Q)(~ξ ′~Q)− 1
3
Q2(~ξ ′~ξ ∗)
]
GQ(Q
2)
2M2ρ
}
,
~G(Q2) =
pρ0
Mρ
[
~ξ ′ (~ξ ∗~Q)−~ξ ∗(~ξ ′~Q)
]
GM(Q
2) . (4)
Here GC , GQ , GM are the charge, quadrupole and magnetic form factors, respectively.
The polarization vector in the Breit frame has the following form:
ξµ(±1) = 1√
2
(0 , ∓1 , − i , 0) , ξµ(0) = (0 , 0 , 0 , 1) . (5)
The variables in ξ are total angular momentum projections.
In the Breit frame:
qµ = (pρ − p′ρ)µ = (0 , ~Q) , pµρ = (pρ0 ,
1
2
~Q) , p′ρ µ = (pρ0 , −
1
2
~Q) , (6)
pρ0 =
√
M2ρ +
1
4
Q2 , ~Q = (0 , 0 , Q) .
Comparing (1) and (4) and taking into account the fact that in the Breit system D1
mJ m
′′
J
(pρ , p′ρ) = δmJ m′′J , we
have:
GC(Q
2) = f˜
ρ
10(Q
2) , GQ(Q
2) =
2 M2ρ
Q2
f˜
ρ
12(Q
2) ,
GM(Q
2) = − Mρ f˜ ρ30(Q2) . (7)
Let us use for (3) the modified impulse approximation formulated in terms of form factors G˜iq(s,Q
2, s′).
The physical meaning of this approximation is considered in detail in Ref. [10]. In the frame of MIA the
invariant form factors G˜iq(s,Q
2, s′) in (3) are changed by the so called free two–particle invariant form fac-
tors g0i(s,Q
2, s′) (i = C,Q, M) describing the electromagnetic properties of the system of two free particles
with the quantum numbers of the ρ-meson. So, the equations to be used for the calculation of the ρ–meson
electromagnetic properties in MIA are the following:
GC(Q
2) =
∫
d
√
s d
√
s′ ϕ(s) g0C(s ,Q2 , s′) ϕ(s′) ,
GQ(Q
2) =
2 M2ρ
Q2
∫
d
√
s d
√
s′ ϕ(s) g0Q(s ,Q2 , s′) ϕ(s′) , (8)
GM(Q
2) = − Mρ
∫
d
√
s d
√
s′ ϕ(s) g0M(s ,Q2 , s′) ϕ(s′) .
The free two–particle invariant form factors can be calculated by the methods of relativistic kinematics and
have the form given in Ref. [14].
For the calculation of the ρ-meson leptonic decay constants we used the method of parametrization matrix
element of the current which is nondiagonal with respect to the total angular momentum [15].
Leptonic decay constant of the vector meson fρ is determined by the following matrix element of the elec-
troweak current (see, e.g. [17]):
〈0|jρµ(0)|~Pρ,mρ〉 = i
√
2 fρ ξµ(mρ)
1
(2pi)3/2
, (9)
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In MIA the lepton decay constant of the ρ-meson is given by expression:
fρ =
∫
d
√
s G1,0,10,1 (s) ϕ(s) , (10)
where the corresponding free form factor G1,0,10,1 (s) is:
G1,0,10,1 (s) = −
3
√
3(
√
s + 2M)
16
√
spi2
(
7s + 12M
√
s + 8M2
6s + 12M
√
s + 12M2
)
. (11)
Thus an analytic expression for the constants can be represented as follows:
fρ =
√
3
pi
√
2
∞∫
0
dk k2 ψ(k)
(
√
k2 + M2 + M)
(k2 + M2)3/4
×
(
1+
k2
3(
√
k2 + M2 + M)2
)
. (12)
Note that an analytical expression for the ρ-meson leptonic decay constants obtained in our approach coin-
cides with Refs. [16, 17].
3 The electromagnetic structure of the ρ-meson
In this section we make use of the results of the previous sections to calculate the ρ-meson electromagnetic
properties.
The ρ-meson electromagnetic form factors are calculated using (8) in MIA. The wave functions in sense of
RQM in (8) at J = S = 1 , l = 0 are defined by the following expression (see, e.g. [10]):
ϕ(s) = 4
√
s ψ(k) k , k =
1
2
√
s− 4 M2 , (13)
and is normalized by the condition: ∫
ψ2(k) k2 dk = 1 , (14)
here ψ(k) is a model wave function.
For the description of the relative motion of quarks the following phenomenological wave functions are
used:
1. A Gaussian or harmonic oscillator wave function (HO) (see, e.g. [18]):
ψ(k) = NHO exp
(
−k2/2 b2
)
. (15)
2. A power-law wave function (PL) (see, e.g. [18]):
ψ(k) = NPL (k
2/b2 + 1)−n , n = 2 , 3 . (16)
For Sachs form factors of quarks we have:
G
q
E(Q
2) = eq fq(Q
2) , G
q
M(Q
2) = (eq + κq) fq(Q
2) , (17)
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where eq is the quark charge and κq is the quark anomalous magnetic moment. For fq(Q2) the form pro-
posed in Ref. [19] is used:
fq(Q
2) =
1
1+ ln(1+ 〈r2q〉Q2/6)
. (18)
Here 〈r2q〉 is the mean square radius (MSR) of constituent quark.
The reasons of the choice for the function fq(Q2) can be found in Ref. [19] (see also Ref. [10]) The form (18)
is based on the fact that this expression gives the asymptotics of the pion form factor at Q2 → ∞ which
coincides with the QCD prediction (see, e.g. [20]).
So, for the calculations we use a conventional set of parameters of constituent quark model. The structure
of the constituent quark is described by the following parameters: Mu = Md = M is the constituent
quark mass, κu , κd are the constituent quarks anomalous magnetic moments, 〈 r2u〉 = 〈 r2d〉 = 〈 r2q〉 is the
quark MSR. The interaction of quarks in ρ meson is characterized by wave functions (15) – (16) with the
parameters b.
Since the quark composition of the pion and ρ-meson are the same, then the parameters were fixed in our
calculation as follows (see Ref. [21]).
1. We use M=0.22GeV for the quarkmass; the quark anomalousmagnetic moments enter the our expressios
through the sum (κu + κd) and we take κu + κd = 0.0268 in natural units; for the quark MSR we use the
relation 〈r2q〉 ≃ 0.3/M2.
2. The parameter of the wave function b was fixed from the requirements of the description of experimental
values of ρ-meson leptonic decay constants and following relation for the ρ-meson MSR from refs. [22, 23]:
〈r2ρ〉 − 〈r2pi〉 = 0.11± 0.06 f m2 . (19)
For the pion MSR the experimental data is taken from Ref. [1]: 〈r2pi〉1/2 = 0.672±0.008 fm.
The ρ-meson MSR is calculated from relation:
〈 r2ρ〉 = −6G′C(0) . (20)
The ρ-meson mass in (8) is taken from Ref. [1]: Mρ = 775.5±0.4 MeV.
The magnetic µρ and the quadrupole Qρ moments of ρ meson were calculated using the relations given in
Ref. [13]:
GM(0) =
Mρ
M
µρ , GQ(0) = M
2
ρ Qρ . (21)
The static limit in (8) gives the following relativistic expressions for moments:
µρ =
1
2
∞∫
2M
d
√
s
ϕ2(s)√
s− 4 M2
{
1− L(s) + (κu + κd)
[
1− 1
2
L(s)
]}
, (22)
Qρ = −
∞∫
2M
d
√
s
ϕ2(s)√
s
[
M√
s + 2 M
+ κu + κd
]
L(s)
4M
√
s− 4M2 , (23)
L(s) =
2 M2√
s− 4 M2 (√s + 2 M)
[
1
2 M2
√
s (s− 4 M2)+
5
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+ ln
√
s−
√
s− 4 M2√
s +
√
s− 4 M2
]
.
Let us note that the nonzero ρ-meson quadrupole moment appears due to the relativistic effect of Wigner
spin rotation of quarks only. So, measuring of this quadrupole moment can be a test of the relativistic
invariance in the confinement region.
Table 1: The ρ-meson electromagnetic moments and lepton decay constant obtained with the different
model wave functions (15) – (16). 〈 r2ρ〉 is MSR in f m2, µρ is relativistic magnetic moment (22) in natural
units, Qρ is quadrupole moment (23) in fm
2. The parameters b in (15) and (16) are in GeV, fρ is ρ-meson
leptonic decay constant in MeV.
Wave
functions b 〈 r2ρ〉 µρ Qρ fρ
(15) 0.228 0.597 2.01 -0.0064 152.2
(16) n=2 0.217 0.579 2.12 -0.0064 153.6
(16) n=3 0.379 0.560 2.16 -0.0066 154.9
The results of calculations for the ρ-meson electromagnetic form factors are represented in Fig.1–3.
0 2 4 6 8
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Figure 1: The results of the calculations of the ρ-meson charge form factor with different model wave
functions. The values of the parameters are given in the Table 1. The solid line represents the relativistic
calculation with the wave function (15), the short-dashed line – with (16) for n = 2, the long-dashed line –
with (16) for n = 3.
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Figure 2: The results of the calculations of the ρ-meson quadrupole form factor with different model wave
functions, legend as in Figure 1
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Figure 3: The results of the calculations of the ρ-meson magnetic form factor with different model wave
functions, legend as in Figure 1.
4 Conclusion
The electromagnetic form factors, quadrupole and magnetic moments, MSR, and lepton decay constant of
the ρ-meson were calculated in the framework of the instant form of relativistic quantummechanic (RQM).
The special method of construction of the electromagnetic current matrix elements for the relativistic two–
particle composite systems with nonzero total angular momentum is used to obtain the integral represen-
tation for the electromagnetic form factors and lepton decay constant.
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The modified impulse approximation (MIA) is formulated in terms of reducedmatrix elements on Poincaré
group. MIA conserves Lorentz covariance of electroweak current and the electromagnetic current conser-
vation law.
A reasonable description of the electromagnetic static moments and form factors and lepton decay constant
of ρ-meson is obtained in the developed formalism. Our approach gives the nonzero quadrupole moment
due to the relativistic Wigner spin rotation in the S-state of the two quarks in ρ-meson.
So, it is shown that developed variant of the the instant form of RQM can be used to obtain an adequate
description of the electroweak properties of composite systems with nonzero total angular momentum.
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